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Abstract 
Using the Teukolsky and Sasaki-Nakamura equations, we calculate 
the post-~ewtonian expansion of the energy and angular momentum 
luminosities of gravitational waves from a test particle with slightly 
eccentric orbit around a rotating black hole up to O(v5 ) beyond the 
quadrupole formula. We find that circular orbit is stable up through 
the order O(v5 ) even if the spin of a black hole exists. Using the 
results, we argue the total phase of gravitational waves from coalescing 
compact binaries. We find that the eccentricity is important at 0( v5 ) 
order if the initial eccentricity in the LIGO's band is greater than 
0.4. There are possibilities that binaries which have a non-negligible 
eccentricity will be observed by laser interferometers and our results 
will be useful to analyze gravitational waves from such binaries. 
1 Introduction 
Among the possib le sources of gravitational \VaV<'~ . coalescing compact binaries are the 
most promising candidates which can be detected by the near-future, ground based laser 
interferometric gravitational wave detectors such as LIGO [1) and VIRGO [2). One reason 
is that we expect such events to occur 3/yr within 200Mpc [3). The other reason is that 
we expect sufficiently large amplitude of gravitational waves to be detected by LIGO and 
VIRGO if such events occur. 
'vVe can extract physical information of binaries, such as masses and spins etc., from 
inspiral wave forms by the matched filtering technique [4]. In this method, binaries' 
parameters are determinl'd by cross-correlating the noisy signal from detectors with the-
oretical templates . If the signal and the templates lose phase with each other by one 
cycle over the thousands as the waves sweep through the LIGO/VIRGO band, their cross 
correlation will be significantly reduced. This means that it is important to construct 
theoretical templates which arc accurate to better than one cycle during entire sweep 
through the LIGO/VIRGO band [4]. If we have accurate templates, we can determine 
the chirp mass of the systems within 1% error [5]. Thus, much effort has been recently 
made to construct accurate theoretical templates [6 11]. 
To calculate inspiraling wave forms from coalescing binaries, the standard method 
is the post-~ewtonian expansion of the Einstein equations, in which the equations are 
expanded in terms of a small parameter u "' (JU/ r )112 , where AJ and rare the total mass 
and orbital length-scale of the system, respectively. However, calculations have been 
successful to only a few orders in v beyond the leading (~ewtonian) order so far. 
Recently the post-)iewtonian expansion based on the perturbation formalism of a 
black hole is developed. In such analysis, we consider gravitational waves from a particle 
of mass J.l orbiting around a black hole of mass lvf assuming J.l ~ !vi. Although this 
method is restricted to the case of J.l ~ 1\I, we can calculate higher order post-N ewtonian 
corrections of gravitational waves by means of relatively simple analysis compared to the 
standard post- ~ewtonian analysis. This direction of research was first done analytically 
by Poisson [12] to O(v3 ) order and numerically by Cutler et. al. [13] to O(v6 ) order. 
Then a highly accurate numerical calculation was done by Tagoshi and ~akamura [14) 
to 0( v8 ) order and they found the appearance of log v terms in the energy flux at 0( v6 ) 
and at 0( u8 ). They also clarified that the accuracy of the energy flux to at least 0( v6 ) 
is needed to construct template wave forms. An analytical calculation to the same order 
was done by Tagoshi and Sasaki [15] which was based on the formulation built up by 
Sasaki [16] and they confirmed the result of Tagoshi and Nakamura. These calculation 
were extended to a rotating black hole case by Shibata et.al. [17) to O(v5) order. They 
calculated gravitational waves from a particle in circular orbit with small inclination from 
the equatorial plane to see the effect of spin at higher post-~ewtonian orders. They found 
that the effect of spin to the orbital phase is important at 0('1}) order when one of the 
star is a rapidly rotating neutron star with its pulse period less than 2 ms or a rapidly 
rotating black hole with q = J B/1 j,\12 ? 0.2. 
Iu this paper, we ext<'nd the analysis of Shibata et.al. to a rase of eccentric orbit. The 
post-Newtonian expansion of gravitational waves including the effect of the eccentricity 
have already been done to 0( uJ) order for arbitrary eccentricity by Blanchct and Schafer 
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[10] and the spin effe:>ct at O( v3 ) order was calculated by Shibata [18]. 
The binary pulsars such as PSR 1913+16 have now non-negligible eccentricity, but 
when gravitational waves from such systems can be detected by LIGO /VIRGO, their 
eccentricity will have significantly decreased due to radiation reaction and it will become 
negligible. However there are some possibilities that close binary systems are produced in 
dense stellar systems [19] which may evolve to super massive black holes in the center of 
AGN's . Those binaries may have highly eccentric orbit when they emit the gravitational 
wa,·es which can be detected by LIGO /VIRGO. Since LIGO's advanced detector systems 
have sensiti,·it ies for BH-BH inspirals at < 5 Gpc. such binaries seem to be possible 
sources for LIGO /VIRGO. Then to construct the template for such binaries, it seems 
important to investigate the effect of eccentricity at higher post-Newtonian order. Hence, 
in this paper, we study the effect of eccentricity to 0( v 5 ) order including spin effect. 
On the other hand, a laser interferometric detector in space, LISA , was proposed[20]. 
LISA will observe the gravitational waves which have amplitude h "' 10-23 at frequency 
f"' 10-1 -10-3 by one year integration. Then gravitational waves from compact stars 
orbiting around supermassive black holes in galactic centers will become a possible sources 
for such detectors and a few events per year can be expected [18]. Then it is important 
to investigate the gravitational waves from super massive black holes. Since J.L/M ~ 1 
for such cases, our formulas give the correct value under the assumption v ~ 1. 
The paper is organized as follows. In section 2, we show the Teukolsky equation 
and review the method of the post-Newtonian expansion of a homogeneous solution of 
the Teukolsky equation for a Kerr black hole using the Sasaki-Nakamura equation. In 
section 3, we solve the geodesic equation assuming that eccentricity e of a particle is 
small ( e ~ 1 ), and integrate the source term of the Teukolsky equation. In section 4, we 
show the energy and angular momentum luminosity to O(e2 ) and O(v5 ). In section 5, we 
study the stability of circular orbit under radiation reaction. In section 6, we study the 
effect of the eccentricity to orbital phase of coalescing binaries. Section 7 is devoted to 
the summary. Throughout this paper we use the units of c = G = 1. 
2 General formulation 
2.1 The Teukolsky equation 
We consider the case when a test particle of mass J.L travels a slightly eccentric orbit 
around a Kerr black hole of mass M~ 1-L· We follow the notation used by Shibata et.al., 
but for definiteness, we recapitulate necessary formulae and definitions of symbols. 
To calculate gravitational radiation from a particle orbiting around a Kerr black hole, 
we start with the Teukolsky equation. [21 , 22] We focus on the radiation going out 
to infinity described by the fourth Newman-Penrose quantity, 'f/J4 [23], which may be 
expressed as 
(2.1) 




The radial function Rtmw(r) obeys the Teukolsky equation with spin weights= -2, 
2 d ( 1 dRtmw) ) 6. dr ~ dr - V(r Rtmw = Ttmw(r), (2.3) 
where Tlmw(r) is th<' source term whose explicit form will be shown later. and ~ = 
r2 - 2.\/r + a2. Th<' potential \ '(r) is giwn by 
T/( ) ](2 + 4i(r- M)J( 8 . \ , r = - 6. + 1wr + , , (2.4) 
where](= (r2 + a2 )w- ma and >. is the eigenvalue of _2 5(:;:. 
The solution of the Tcukolsky equation at infinity (r ---too) is expressed as 
R ( ) T e d 1 J. (mw T (mw T _ z 3 iwr • 3 iwr• 100 rr ( ')Rm ( ') lmw r ---t ? . Bin r A 2( ') = (mwr e l 
~lW lmw r+ u T 
(2.5) 
where r + = M+ J AP - a2 denotes the radius of the event horizon and R~':nw is the 
homogeneous solution which satisfies the ingoing-wave boundary condition at horizon. 
for r · ---t -oo 
for r · ---t +oo, 
where k = w- ma/2AI r + and r· is the tortoise coordinate defined by 
For definiteness, we fix the integration constant such that r· is given explicitly by 
r· - j dr· dr 
dr 
2/v/ r + r - r + 2Air _ I r - r _ 
r+ ln - n---
r + - r_ 2A{ r + - r _ 2A-/ ' 




2 .2 Post-Newtonian expansion of the homogeneous solution 
In the previous papers [16, 17), the post-Newtonian expansion of the homogeneous solution 
was performC'd to 0( c2 ) where c = 2Afw. In this section , we revirw the method (16. 17). 
In order to calculate gravitational waves emitted to infinity from a particle in slightly 
eccentric orbit, we need to know the explicit form of the source term Ttmw(r), which has 
support. around r = r 0 where r 0 is the radius which is the value of order of the orbital 
radius in the Boyer-Lindquist. coordinate, the ingoing-wave Teukolsky function R~':n.)r) 
around r = r0 , and its incident amplitude B~~w at infinity. We consider the expansion 
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of these quantities in terms of a small parameter. v2 = .\fjr0 . In addition, we need to 
expand those quantity in terms of € ::: 2/v/w since w = O(n) where n is the orbital 
angular velocity of the particle and Jfw = O(v3 ). In case of T\:err black hole. the another 
combination of paramett<>rs aw appears in the Teukolsky equation. We define a= qlvf and 
we have aw = q€/2 = 0( €3 ). 
First we perform the expansion of the spheroidal harmonics _25(:;: and their eigenvalues 
A in terms of aw. Since the spheroidal harmonics will appear only in the source term and 
since aw = 0(€), we have only to evaluate _2 5{:;:, up to O(a..v). On the other hand, the 
angular eigenvalues A comes into play in the radial equation, we e\·aluate it up to O(a2w2 ). 
The spheroidal harmonics _2 5{:;:, is given by 
-25;:;:, = -2Pem + aw5i~ + O((aw)2), 
where _2 Pem are the spherical harmonics of spin weight s = -2 [24] and 
where c~:n are non-zero only for e' = e ± 1 and they are given by 
l+l- 2 [(e + 3)(e -1)(f +m+ 1)(f- m+ 1)]1/2 
cem - (f + 1)2 (2e + 1)(2f + 3) ' 
l -1- _ _3_ [(e + 2)(f- 2)(f + m)(e- m)]l/2 
cem - f 2 (2f + 1)(2f- 1) · 
The eigenvalue >. is given by 
A= Ao + awA1 + a2w2 A2 + O((aw)3 ) 
where >.o = (e- 1)(f + 2), >. 1 = -2m(f2 + e + 4)/(£2 +f) and 





Next we solve the homogeneous solution R~~w· The Teukolsky equation is transformed 
into Sasaki-Nakamura equation [25], which is given by 
d2 d 
[dr·2 - F(r) dr* - U(r)]Xemw = 0. (2.13) 
The explicit forms of F(r) and U(r) are given in the Appendix A. The relation between 
Rtmw and Xemw is 
1 { ( fJ,r) {3 } Rtmw = ~ 0' + ~ Xemw- 6. Xl.m..v,r ' (2 .14) 
where Xtmw = Xemw6/(r 2 + a2) 112 , and the functions a, {3 and T] are shown in Appendix 
.\. Conversely, we can express Xemw in terms of Remw as 
X ( 2 ..,)112 2 [ 1 R ] lmw = r + a- r J- J- r 2 lmw ) (2.15) 
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where}_= (d/dr) -i(K/6.). Then the asymptotic behavior of the ingoing-wave solution 
Xc~w which corresponds to Eq.(2.6) is 
(2.16) 
where A~~w' A(::;w and Ct.mw are respectively related to B~~w' B(~~ and Dt.mw defined in 
Eq.(2.6) as 
Bm 1 in t.mw - 4w2At.mw1 
a out 4w2 out 




where C{) is given in Eq.(A .3) of Appendix A and 
dtmw = J2lvfr+[(8- 24iAJw - 16M2w2 )r! 
(2.17) 
+(12iam- 16Nf + 16amM w + 24iJv!2w)r +- 4a2m2 - 12iamM + SN/2 ) . 
First we introduce the variable z = wr and 
z· _ z + e [ z+ ln(z- z+)- z_ In(=- z_)l 
z+- z_ z+- z_ 
wr· + eln e, (2.18) 
where Z± = wr±. To solve Xj~w by expanding it in terms of c::, we set 
(2.19) 
where 
~( z) j dr ( ~ - w) 
€ 1 z- z+ 
z* - z- -mq ln---
2 z+- z_ z- z_ ' (2.20) 
which generalizes the phase function w(1·· -r) of the Schwarzschild case. This prescription 
makes it easy to implement the ingoing-wave boundary condition on x;~w· 
Inserting Eq.(2.1~) into Eq.(2.13) and expanding it in terms of e = 2 \Iw, we obtain 
(2.21) 
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for arbitrary e and 
Q(2) _.t_ cfl _ (9q2 - 2m2q2 - 6imq + i(2m2q2 - 9q2 ) - 18mq) :!:._ 
4z2 dz2 36z3 108z2 dz 
(
9f? + 5m2q2 - :3imq i(2m 2q2 - 9q2 ) 
+ 9=4 + 54z3 





for e = 2. We do not need QC2 ) for e ~ 3 for the post-Newtonian order we consider in this 
paper (i.e., up to O(v5 ) beyond Newtonian). Expanding ~tm in terms of € as 
00 
~lm = L cnd;;!(z), 
n=O 
we obtain from Eq.(2.21) the iterative equations, 
L(O)[d~l = 0, 
L(o)[d~J = L(l>[d~J + Q(l)[d~J = Wt~' 
L(o)[d~J = L(l>[d~J + QCt>[d~J + Q12>[d~J = T,Vt~· 
The general solution to Eq.(2.26) is immediately obtained as 
.((o) _ ..--,Co)J· + {3(o)n 






where it and nt are usual spherical Bessel functions. The boundary condition for n ~ 2 
is that d;;! is regular at z = 0. Hence f3t> = 0 and we set a~o) = 1 for convenience. 
To calculated;;! for n ~ 1, we rewrite Eq.(2.27) and (2.28) in the indefinite integral 
form by using the spherical Bessel functions as 
.((n) Jz d 2 . w(n) . Jz d 2 w(n) ( ?) 
'>lm = nt zz ]l (m - ]l zz nt lm n = 1)- . 
For 11 = 1, we have 
.((1) 
'>lm 
al(l)]·l + (e- l)(e + 3) . f2 - 4 . 
2(f + 1)(2f + l)]l+l- 2f(2f + l)Jl-1 
2 . . . ~ (1 1 ) 2 . + z (noo- Jtno)Jo + ~ k + k + 1 :; (ntJk- Jln~c)Jk 
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(2.30) 
+ n,(Ci(2::) -~-In 2::)- j,Si(2::) + ij1 in= 
imq ( f 2 + 4 ) . imq ( ( C + 1 )2 + 4 ) 
+ -2- f2(2e+1) )t-l+T (f+1)2(2f+1) )(+t, (2.31) 
where Ci(x) = -f;'dtcostft and Si(x) = J;dtsintft are cosine and sine integral func-
tions, 1 is the Euler constant, and a~l) is an integration constant which represents the 
arbitrariness of the normalization of Xj~ ..... \Ve set a~l) = 0 for simplicity. 
As noted previously, the source term T,m .... has support only around r = r0 and wr0 = 
O(S1ro) = O(v) . Hence we only need X(~w at z = O(v) « 1 to evaluate the source 
integral, apart from the value of the incident amplitude A~~w· Hence the post-Newtonian 
expansion of Xj~w corresponds to the expansion not only in terms of c = 0( v 3) but also z 
by assuming t: « z « 1. In order to evaluate the gravitational wave luminosity to 0( v 5 ) 
beyond the leading order. we must calculate the series expansion of d~ in powers of z for 
n = 0 to e = -l, for n = 1 to e = 3 and for n = 2 to e = 2. 
\Vhen we evaluate Ai~w' we examine the asymptotic behavior of d~ at infinity. Since 
the accuracy of A~~w we need is 0( t:), we don't have to calculate d~ in analytic form. \Ve 
need only the series expansion formulas for d~ around z = 0, which is easily obtained by 
Eq.(2.30). Inserting d;! into Eq.(2.19) and expanding it by z and c assuming t: « z « 1, 
we obtain 





Using the transformation of Eq.(2.14), we obtain R(':nw as 
4 
. 11 6 . 23 8 . 
Rin Z 1. 5 = 1. 7 · Z 1. 9 
W 2mw = 30 + 45 Z - 1260 - 420 Z + 45360 + 11340 z 
-z3 i i m q z 4 
+ c( 15- 60 mqz3- 60 z4 + 45 
41z5 277i 5 31i 6 7mqz6 ) 
3780 + 22680 m q z - 3780 z - 1620 
2 z2 i 2 q2 z2 m2 q2 z2 
+ t: ( 30 + 40 m q z + 6o - 240 
. 3 . . 
z 3 m q :: l 2 3 t 2 2 3) 
60 z - 30 + 90 q z - 120 m q z ' 
~5 1.. .,.7 ; 
.. 6 .. • 8 
wR;';,.w - o:Jo + 1260 :: - 37 0 - 16:.200 :: 
( - z" i 4 i 5 1 1111 q z
5 ) 









u:Ho 28350 (2.37) 
We calculate A~~w by examining the asymptotic beha,·ior of ~!;;! and EC'j. (2.19) at 
infinity. The results are expressed as 
(2.38) 
where 
1[ (e-l)(e+3)] . 2imq 2 1j; (e) + 1j; (f + 1 ) + e ( e + 1) - In 2 - f 2 ( e + 1 ) 2 ' (2.39) 
e-1 1 L--A/· 
k=l k 
(2.40) 
The corresponding incident amplitudes Bj~w for the Teukolsky function are obtained from 
Eq.(2.17). 
3 Source terms 
3.1 The geodesic equations 
In this section, we solve the geodesic equation for a slightly eccentric motion. The same 
procedure was previously performed by Apostolatos et.al. [26) for Schwarzschild geometry. 
The geodesic equations in Kerr geometry are given by 
dO [ { J2 }] 112 ~- = ± C- cos2 0 a2(l- E2 ) + ___ z_ = 0(0), dT Slll2 0 
,., d<.p ( E lz ) a (E( .2 2) L ) _ ""' 
LJ- =- a'--.-- +- · 1 +a -a, = '*'' dT Sin2 0 __}_ 
dt l r 2 + a2 
E-d = -(aE- -:-T-0)asin
2 0 + b. (E(r 2 + a2 )- alz) = T, 
T Sin 
dr r;:; 
E dT = ±vR, (3.1) 
where E, lz and C are the energy, the z-component of the angular momentum and the 
Carter constant of a test particle, respectively. 1 E = r2 + a2 cos2 0 and 
(3.2) 
We consider the motion of a particle in the equatorial plane 0 = 1r /2. In this case we 
can set C = 0. We define r = r 0 as the radius where the potential Rjr4 becomes the 
1 In this section, these constants of motion arc those measured in umts of p.. That is, if expressed in 
the standard units, E, /., and C in Eq.(3.1) are to be replaced with Ejp., 1:/P. and C/JJ.2, respectively. 
9 
minimum o(Rjr4 )j8r lr=ro= 0. We also define the eccentricity e so that r = r 0 (1 +e) is 
a turning point of the radial motion. at which R(r = r 0 (l +e)) = 0. In this paper we 
assume e « 1. Using above two equations and expanding E and lz as 
we obtain £(n) and l~n) for n = 0, 1 and 2 as 










v2(1 - 3v2 + qv3 + q2v 1)( -1 + 6v2 - qv3 + 3q2u4 ) 
2(1- 3v2 + 2qv3)312( -1 + 2v2- q2v 1) 
r 0v(l - 2qv3 + q2v4 ) 
(1 - 3v2 + 2qv3)(t/2) ' 
0' 
q ro v 5(q- 3v + qv2 + q2v3)( -1 + 6v2 - 8qv3 + 3q2v 4 ) 
2(1- 3v2 + 2qv3)312( -1 + 2v2 - q2 u4 ) 
The post-Newtonian expansion forms of £(n) and l~n) up to the required orders are 
E = JJ 3 A/
2 q .\It 2 ( JI 5 J/2 3 q ,ut) O( 6) 1--+----!>-+e ----+ !> + v, 
2ro 8ro 2 r0 2 2ro 4ro 2 r0 2 
( L{ ) 1; 2 [ 3J\J 3qAf
3/2 (27 2) A/2 15q~'Vf512 lz - 1~ ro 1 + -2 - 3/2 + --::;- + q -2 - 5/2 
ro r0 ~ ro 2r0 
2 (q2 JoyJ2 - 3qA;fSI2) 0( 6)] 
+e ? 2 5/2 + v · ~ro 2r0 
(3.3) 
(3.4) 
Next we solve the geodesic equations for slightly eccentric orbits . The radial equation 
IS 
(dr) 2 R dt = T 2 . (3.5) 
We expand r( t) as 
(3.6) 
and R/T2 in terms of e and v using Eq.(3.:3) and (3.4). Collecting terms of equal order 




1 dT(l) dT(2 ) 
----- = -T(l)T(2) + qo + q,T(l) + q2(7'( 1))2 . (3.8) 
n; dt dt 
In this paper, since we don't need the exact expression of !1r, q0 , q1 and q2 • we only show 
its post-Newtonian forms: 
M 112 [ 3M 3qM312 (9 + 3q2 )AI2 15qAPI2 6 ] 372 1-- + 3/2 - 2 2 + 5/2 + O(v ) , 
To To To To To 
(3.9) 
AI 2 q AJ312 (6 + q2 ) A/2 20 q ,\f512 6 qo - - 1+-- 3/2 + 2 - 5/2 +O(u ), To To To To (3.10) 
2lvf [ 2 Af 3 q Jvf~ 4 1vf2 6 q AI~ O( 6 )] q! - - 1 + - - 3 + - 2- - ~ + V , To To To 2 To 1·0 2 (3.11) 
31\J 2qA/~ (-10-q2 )1H2 26qM~ 0( 6 ) 1--+ 3 + 2 + ~ + V . To To 2 To To 2 (3.12) 
We obtain T(ll(t) from Eq.(3.7) as 
(3.13) 
where wf' set r(t = 0) = r 0 (1 +e). Substitution of Eq. (3.13) into Eq. (3.8) yields after 
integration 
(3.14) 
where q3 = -qo and q" = q2j2. 
In the same way, we can calculate cp(t). From Eq.(3.1), we have dc.pjdt = fP/T, which 
can be expanded in terms of e using Eq.(3.3), (3.4), (3.6), (3.13) and (3.14). Integrating 
the resulting equation, we obtain 
cp(t) = ncpt + ep1 sin nrt + e2p2 sin D.rt + e2p 3 sin 2!1rt + O(e3 ), (3.15) 
where 
4M 6qM~ (-17- q2) M 2 48qN!~ O( 6 ) Pt -2- - + 3 + 2 + 5 + V ) 
ro To 2 ro To 2 
2 A/ 2 q 1H~ (1 - q2) l'v/2 6 q l'vf~ O( 6) 
P2 = 2+-- 3 + 2 + 5 + V' 
To To 2 To r 0 2 
5 A/ 2 q AI~ (9 + 7 q2 ) 1'-'!2 59 ( -1 + q2 ) J\13 O( 6 ) P3 - + - - 3 - + + V ) 
4 4To To"'i 8To2 8r03 
(3.16) 
and 
ncp - ~ [1 - q 1'-'f312 
To 2 To 312 
2 ( 3 91\f 9ql'vf312 3(6+q2)Af2 60ql\1512 ) 6 ] 
+e --2 + -2-- ? 3/2 + 2 - 5/2 + O(v ) (3.17) 
~ ~~ ~ ~ 
The fact that !1r =f. ncp implies that these eccentric orbits arc not closed. 
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3.2 Integration of the source t erm 
In this section, using the results of the previous section, we derive the source term of the 
Teukolsky equation and integrate it to give the amplitude of the Teukolsky function at 
infinity. 
The energy momentum tensor of a test particle of mass p, is given by 
p, dz~'- dzv 
TIJ.V = Esin ()dtjdT dT --;t;o(r - r(t))o(()- 7r/2)8(cp- <,o(t)). 
The source term of the Teukolsky equation is given by 
where 
with 
Temw = 4 j dD.dtp-575- l (B~ + B~*)e-im<p+iwt - 2%/f, 
V .c.7r 
p (r-iacosBt 1 , 
Ls = 8o + .m()- awsinB + s cote, 
sm 
J+ - 8r + iJ<j!::., 





In the present case, the tetrad components of the energy momentum tensor, Tnn, Tmn 
and Tm:m, are in the forms, 
= ~nn0 o(r- r(t))o(e- 1rj2)o(<p- cp(t)), sm 










and i = dtjdT. 
Substituting Eq.(3.20) into Eq.(3.19) and performing integration by part, we obtain 
where 
- _ 4_ Joo dt J d{)eiwt-im<p(t) 
.../Fi -oo 
X [-~Ll {p- 4 LJ( p3 S)}Cnn P-2fi- 18(r- r(t))8(()- 7r/2) 
~2-2 t 
+ 1 (L2 S + ia(p- p) sin OS)J+ { CmnP-2/i- 2 ~ - 18(r- r(t))8(B- 1r /2)} 
v2p 
+ 2~Lj {p3 S(p2 p-4 ),r }Cmn~p-2p-28(r- r(t))8(0- 7r /2) 
~p3~2SJ+{p-4J+(pp-2Cm;n8(r- r(t))8(() -7r/2))}), (3.24) 
L! = 88 - _m 0 + aw sin{)+ s cot(), Sill (3.25) 
and S denotes _2 S(:;:(O(t)) for simplicity. 
We further rewrite Eq.(3.24) as 
Ttmw = 1: dteiwt-im<p(t)~2 [(Ann0 + AmnO + A;n;no)h"(r- r(t)) 
+ {(Amn ! + A;n;n!)8(r- r(t))},r + {A;n;n28(r- r(t))},rr), (3.26) 
where Anno etc. are given in Appendix B. Inserting Eq.(3.26) into Eq.(2.5), we obtain 
Ztmw as 
Z- 1 Joo dt iwt-im<p(t) [R•n {A +A + A } tmw 2' Bin e lmw nnO mnO mmO 
tW lmw -oo 
dR~':nw {A A } ~ R~':nw A ) 
- d mn t + mm!+ d 2 mm2 ()' ,. r r=r t 
1 . j oo dteiwt-im<p(t)vV . 
- 2' e·n lmw ?Wn (mw -oo 
(3.27) 
Eq. (3.27) can be simplified by noting the result of the previous section that the orbits 
of our interest have the properties, 
r(t + ~t) = r(t), (3.28) 
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where !::lt = 21r /f'lr· Using this fact, we can rewrite the above integral as 
1 . loo dteiwt-im<p(t)\.-V: 
2. B•n lmw tW lmw -oo 
- 2. ~in :7rt rt::.t dteiwt-im<p(t)l--Vtmw L 8(w- Wn) 
tW lmw u Jo n 
- L 8(w- Wn)Ztmw, (3.29) 
n 
where 
Wn = nflr + mfl""' (n = 0, ±1, ±2, ... ). (3.30) 
Using the solution of the geodesic equation for r(t), we expand Wtmwn in terms of e. We 
can sec that the resulting equation has the structure up t.o t.he order 0( e2 ), 
We insert Eq.(3.13), (3.14), (3.15) and (3.31) into Eq.(3.32) and expand it in terms of e. 




We can see from Eq.(3.32) that n = ±2 modes occur at 0( e2 ). Then when we evaluate 
the luminosity, n = ±2 modes contribute from O(e4 ). Therefore we have only to calculate 
n = 0, ±1 modes to evaluate the luminosity up to O(e2). 
4 The energy and angular momentum fluxes 
In this section, we calculate the energy and angular momentum fluxes to 0( v5 ) beyond 
the quadrupole formula and to O(e2 ) in the eccentricity. From Eq.(2.1), 1/J4 at r --+ oo 
takes the form, 
1 2 4 l sawn 
1/J4 = - L L L Ztmwn -2 lm eiwn(r•-t)+im<p 
r n=-2 l=2 m=-l V21f ( 4.1) 
At infinity, 1/J4 is related to the two independent modes of gravitational waves h+ and hx 
as 1 .. .. 
1/J4 = 2(h+ - ihx)· (4.2) 
From Eqs.(4.1) and (4.2), the energy flux averaged overt~ 6.t is given by 
( 4.3) 
In the same way, the angular momentum flux is given by 
( dlz) miZtmw"r _ (dJz) m (dE) dt = L 41rw3 = L dt lmn = L -;:; dt lmn · (4.4) 
l,m,n n l,m,n l,m,n n 
In order to express the post-Newtonian corrections to the luminosity, we define TJtmn as 
( ~~ ) lmn = ~ ( ~~) N TJt,m,n' (4.5) 
where (dEjdt)N is the Newtonian quadrupole luminosity: 
( dE) = 32p.2 ~/
3 
= 32 (£)2 v 10. 
dt N 5r0 5 M 
Fore= 2, TJt,m,n which contribute to the luminosity to O(v5) are given by the following 
formulae. We only show TJtmn for m ~ 0 mode. TJt,m,n for m ~ 0 is easily obtained from 
the symmetry T/t,m,n = TJt,-m,-n. 
T/2,2,0 = 
15 
47487r vs 2675 q vs) 
+ 21 + 189 
2 (729 3645 v 2 21877r v3 3645 q v3 
1]2•2•1 e 64 - 64 + 32 - 32 
24057 v 4 2187 q2 v 4 65617r vs 9477 q vs) 
+ 256 + 64 - 16 + 112 





1 e 64 + 448 + 32 - 32 
2224681v4 99q2 v4 6157rvs 27857qvs) 
+ 112896 + 64 + 112 - 336 





0 36 -12- 504 + 16 + 18- 9072 
2 (-2v2 2qv3 93v4 q2 v4 197rvs 27113qvs) 
+e -9- + -3- + 112 - -2- - 36 - 18144 
2 (4v2 4qv3 172v4 2 4 161rvs 2794qvs) 
1]2•1•1 e 9- -3- - 63 + q v + 9 + 567 
2 ( 1 145 v2 1r v3 3 q v3 282521 v4 3 q2 v4 
1]2 •0•±1 = e 96- 672 + 48 + 16 + 169344 - 32 
837r vs _ 1255 q vs) 
168 504 ' 
and 1]2,1,_1 becomes 0( v6 ). Putting together the above results, we obtain (dE f dt)t = 
Lmn(dEfdt)tmn fore= 2 as 
( ~~) 2 = - 1- +47rv- +---( dE) { 1277 v2 3 73 q v3 37915 v4 dt N 252 12 10584 
33 q2 v4 25617r vs 201575 q vs 
+ 16 126 + 9072 
2 (37 2581 v2 10877r v3 211 q v3 325393 v4 105 q2 v4 
+e 24 - 252 + 48 - 6 + 21168 + 8 
_ 298577rvs 11293qvs)}. 
168 + 672 (4.6) 
For e = 3, we obtain 
1215v2 1215v4 36457rvs 1215qvs 
1]3•3•0 = 896 112 + 448 112 
2 (-10935v2 37665v4 1421557rvs 134865qvs) 
+e 448 + 256 - 896 + 448 
e2 (640v2 _ 46720v4 51207rv5 _1280qv5 ) 









and 713 ,1,-1 becomes O(v6 ) . Thus we obtain 
(dE) (dE) { 1367v2 _ 32567v4 (1640371" _ 896q) vs dt 3 = dt N 1008 3024 + 2016 81 
For e = 4, we have 
e2 (1801v2 _ 78509v4 (4008371" _ 8913q) vs)} 







1280 v4 37120 e2 v4 
567 567 
48828125 e2 v4 
580608 
32805 e2 v4 
7168 
5 v4 25 e2 v4 
3969 - 3969 ) 




and 114,2,1 becomes O(v6 ). Hence we have 
(dE) = (dE) { 8965 v4 2946739 e2 v4 } dt 
4 




Finally, gathering all the above results, we have the energy luminosity 
up to O(vs) as 
( ddEt) = (dE) { _1247v
2 
4 7r 3 _ 73q v
3 44711v4 33q2v4 
dt N 1 336 + V 12 9072 + 16 
81917rvs 3749qvs 2 (37 65v2 1087?rv3 211qv3 
- 672 + 336 + e 24 - ~ + 48 - 6 
474409 v4 105 q2 v 4 _ 1186077r vs _ 95663 q vs)} 
9072 + 8 1344 672 (4.9) 
This result agrees with those derived in Shibata et.al. [17] if we set e = 0. To 
compare our results to those derived in the previous papers, it is convenient to change 
the parameter from v to v' = (M0."')113. The relation between v and v' is given by 
'[ q,3 2{1 3,2 813 
v = v 1 + 3 v + e 2 - 2v + 3qv 
-6v'4 - q2v'4 + 321 qv's}] . (4.10) 
Then we can see that the terms which are proportional to e2 agree with the formulae 
derived by Peters and Mathews [27] at reading order, Galt'sov et.al. [28] and Blanchet 
and Schafer at v 2 order [29], Blanchet and Schafer at v3 order without q term [10] and 
Shibata at v3 order with q term [18] when we expand their formulae bye assuming e ~ 1 
and set J.L/ M ~ 1. 
From Eq.( 4.4), the averaged angular momentum fluxes for f.= 2, 3 and 4 are calculated 
to give 
(d]z) = dt 2 (dlz) { 1277v
2 
3 61qv3 37915v4 33q2v4 dt N 1 - 252 + 4 1rV - 12 + 10584 + 16 
25617r vs 22229 q vs 2 ( 5 137 v2 49 1T v3 57 q v3 
- 126 + 1296 + e -8 + 2"4 + 8 - 4 
249787 v4 203 q2 v4 204377r vs _ 164449 q vs)} 
14112 + 32 504 4536 
(d]z) dt 3 _ (d]z) { 1367 v
2 
_ 32567 v4 (164031r _ 88049 q) vs 
dt N 1008 3024 + 2016 9072 
2 (67v2 66497v4 (431937r 1675571q) ,vs) 
+e ~- 2016 + 1008 - 18144 
(d]z) = dt 4 (dlz) {8965 v
4 478195e2 v4 } 
dt N 3969 + 42336 
where (dlzfdt)N is defined to be 
- - - Mv. (dJZ) - 321£2 MS/2 - 32 (£) 2 7 dt N 5rb/2 5 M ( 4.11) 
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Total angular momentum luminosity is then given by 
( dJz) { 1 _1247v
2 
( 7r-61q) 3 (-44711 33q2 ) 4 
dt N 336 + 4 12 V + 9072 + 16 V 
( -81917r 417q) 5 2 ( 5 749v
2 (497r 57q) 3 
+ 672 + 56 V + e -S + ~ + -8- - -4- V 
(
- 238229 203 q2 ) 4 ( 773 1r _ 28807 q) s) } 
+ 6048 + 32 V + 336 224 V (4.12) 
From above results, we find that q2 terms appear at v4 order and linear terms in q 
appear at v3 and v5 orders in all of the above formulae. Those feature are the same as in 
Shibata et.at. 
5 Stability of circular orbit under radiation reaction 
Apostolatos et.al. (26] investigated the stability of circular orbit of a test particle around 
a Schwarzschild black hole under the influence of radiation reaction, and they show 
that a circular orbit is stable only if the orbital radius is greater than a critical radius 
re ~ 6.6792M. In this section, we extend their analysis to a Kerr black hole case and in-
vestigate the stability of circular orbit under radiation reaction using the post-Newtonian 
approximation. 
We are interested in the evolution of the radius r0 and eccentricity e. Since E and lz of 
a particle which we are considering is determined by e and r 0 , the knowledge of the rates 
of loss of energy and angular momentum due to gravitational radiation is sufficient to 
determine the evolution of e and r 0 . The evolution equations for e and ro are determined 
by 
E = 
8E(r0 , e) dr0 8E(r0 , e) de + -8r0 dt 8e dt ' 
8/z(ro, e) dro 8lz(ro, e) de 
8ro dt + 8e dt ' (5.1) 
where E and Lz represent the time derivatives. We concentrate our attention to the 
secular evolution of e and r0 . We therefore set E = - (dEjdt) and L~ = - (dJzfdt). 
Solving Eq.(5.1) in terms of dejdt and dr0 /dt, we have 
dro 
= dt [
- 8Lz (dE)+ 8E (dJz)] I raLz 8E- 8E8Lz]' 




8L: (d£) _ 8£ (dJz)] I [8Lx8E _ 8E8Lz] 
1 
(S.2) 8ro dt 8ro dt ae 8ro ae 8ro 
We expand E and Lz in terms of e as 
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(5.3) 




Then us ing the fact t hat 
(5.6) 
we have e and r0 to the reading order of e as 
. ( £(2) £~0)1 + £(0) £~2)1 + j!2) £(0)1 + j!O} £(2)') 
e - e_,__-------:-::-:---------:-::-:------'-
- -2£~0}, £(2) + 2£(0)1 £~2) ) (5.7) 
. 2i!O) £(2) _ 2£(0) £~2) 
ro = - 2L~o), £(2) + 2£(0)' £~2) . (5.8) 
where I= ojoro. Note that e is proportional to e. This means that circular orbit remains 
circular under radiation reaction since e( e = 0) = 0. This fact hold if Eq.(5.6) is correct. 
In this paper, we only give the proof of Eq.(5.6) using the post-Newtonian approximation, 
but the formulation of the previous section, especially Eq.(3.31) and (3.32), suggests that 
Eq.(5.6) will also hold in the relativistic cases. 
If we expand Eq.(5.7) in terms of v, we have 
de 304 f.L 8 [ 6849 v2 985 1r v3 879 q v3 286397 v4 1345 q2 v4 
dt - -ls M2 ev 1 - 2128 + 152 76 38304 + 304 
dro 
dt 
87947 1r vs _ 23201 q vs] 
4256 2128 
64 f.L 6 [ 743 v2 4 3 133 q v
3 34103 v4 81 q2 v4 
- -S fl,f V 1 - 336 + 7r V - 12 + 18144 + 16 
_ 4159 1r vs _ 1451 q vs] · 
672 56 
From Eq.(5.9) and (5.10), we obtain 
de 
dro 
19 e [ 3215v2 3777rv3 55qv3 111813545v4 
= 12 r 0 
1 
- 3192 + 152 - 114 - 9652608 
253409 1r vs 53203 q vs] 





We see from Eq.(5.9) that in the slow motion limit v « 1, e is always negative and this 
means that circular orbit is stable under the influence of radiation reaction. We also find 
that if q > 0 (q < 0), the rate of change of the eccentricity and radius decrease (increase) 
at order O(v3 ) and O(v5 ) and always increase at order O(v4 ). Note however that since 
the Teukolsky equation is constructed to the first order of J.L/ M, the radiation reaction to 
the particle is not taken into account. Then we must keep in mind that above results are 
valid only in the restricted situations when the adiabatic approximation is valid and the 
mass ratio is large (i.e. J.l /M « 1). 
Using Eq.(5.9), we examine the critical radius where e changes sign. We see that e 
become zero at ro ~ 3.7 M when q = 0. This value contradicts with the fact that there 
are the last circular stable orbit at r = 6M in the Schwarzschild space time. This value 
also disagrees with the critical radius r ~ 6.6792M obtained by Apostolatos et.al. This 
is because that the post-Newtonian approximation does not give the good approximation 
around r = 6M [30] even if we calculate the post-Newtonian expansion to order O(v5 ). 
6 Implications to coalescing compact binaries 
In this section, we discuss the effects of post-Newtonian terms in the luminosity to the 
orbital evolution of inspiraling compact binaries. Although our results are valid only in 
the test particle limit, we ignore this fact in the following. 
The total cycle N of the phase of gravitational waves from an inspiraling binaries from 
r = ri (t = ti) tor= r1 (t = tJ) is given by 
-jt' 1 r· dE/dr 
N = t, jdt =; lr, dd1c,o idEjdti' (6.1) 
where f is the frequency of the wave. 
From Eq.(5.11), we see that the eccentricity e of the orbit decreases according to 
e ex r 19112 where r is the orbital radius. We estimate the effects of the eccentricity to the 
total cycle of the gravitational wave in the LIGO's band. 
Expanding ncp, dEjdt, and dE/dr with respect to V= (Mjr) 112 , N is expressed as 
where the series forms in the denominator and numerator represent the post-Newtonian 















and the argument e is given to the coefficients bk, Ck and dk to emphasize thee-dependence 
of the post-Newtonian corrections. 
Since the effect of post-Newtonian corrections in the case e = 0 has been studied, we 
examine only the effect due to non-vanishing value of e. For this purpose, we define 
~M [lr; drr312 { Lk=O bk(e)(M/r)k/2 + bn+l(O)(M/r)(n+l)/2 
647r J.l r 1 M 512 Lk=Odk(e)(M/r)k/2 + dn+l(O)(M/r)(n+l)/2 
X (E Ck(e)(M/rl12 + Cn+t(O)(M/r)(n+l)/2)}], (6.3) 
and ~N(n) -1 N(n) - N(n-l) I which describe the effect of eat the O(vn) order. Then 
we insert e = e;(r /r;)19112 into Eq.(6.3), where ei is eccentricity at r = ri, and integrate 
it numerically. The results are listed in Table 2. In this calculation, we define r; as the 
e;(q = 0) ~Nl4J ~N(S) ei(q = 1) ~N(4J ~N(S) 
0.1 0.36 0.09 0.1 0.37 0.07 
0.2 1.37 0.32 0.2 1.38 0.26 
0.3 2.77 0.63 0.3 2.81 0.48 
0.4 4.28 0.95 0.4 4.37 0.68 
0.5 5.63 1.22 0.5 5.83 0.80 
Table 2(a) 
e;(q = 0) ~N(4J ~N(S) e;(q = 1) ~N(4J ~NlSJ 
0.1 0.54 0.20 0.1 0.55 0.18 
0.2 2.01 0.76 0.2 2.07 0.65 
0.3 4.06 1.50 0.3 4.22 1.25 
0.4 6.25 2.24 0.4 6.57 1.76 
0.5 8.22 2.85 0.5 8.76 2.08 
Table 2 (b) 
ei(q = 0) ~Nl4J ~NlsJ e;(q = 1) ~Nl4J ~NlSJ 
0.1 0.19 0.09 0.1 0.21 0.08 
0.2 0.72 0.33 0.2 0.76 0.30 
0.3 1.46 0.64 0.3 1.56 0.57 
0.4 2.23 0.97 0.4 2.42 0.81 
0.5 2.94 1.21 0.5 3.22 0.96 
Table 2 (c) 
Table 1: The effect of the eccentricity to the total cycle of the coalescing binaries in the 
case q = 0 (left) and q = 1 (right) and (a) (m1, m2) = (1.4M0, 1.4M0), (b) (mt, m2) 
= (1.4M0, 10M0), (c) (m1, m2) = (IOM0, 10M0)· 
radius at which j(1·i) = 10Hz. Then we set r; = 175M for (mt, m2) = (1.4M0 , 1.4M0 ), 
ri = 68M for (1.4M0 , 10M0) and Ti = 47A1 for (10M0, 10M0) respectively. We set 
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r1 = BM for all cases since the post-Newtonian expansion of the luminosity does not 
give a good approximation around r "'6A--f (for instance, dEjdt changes the sign around 
r"' 6M for certain value of q and e) . 
The required accuracy as a template of the gravitational waves from coalescing binaries 
is /:iN < 0.5. We see from Table 2 that the effects of the eccentricity is important at 
the order 0( v4 ) if initial eccentricity is larger than 0.2 or 0.3. On the other hand, the 
effect of the eccentricity at O(v5 ) is important if initial eccentricity is greater than 0.4 or 
0.5. These properties hold for all the values of q. Above facts suggest that if the initial 
eccentricity is e;"' 1, terms of order O(v6 ) may become important and we must calculate 
those terms to construct the template of binaries with a highly eccentric orbit. 
Shapiro and Teukolsky [31) considered a formation scenario of super massive black hole 
which may exist in the center of galaxies via the collapse of a dense cluster of compact 
stars. Quinlan and Shapiro [19) investigated the role of binary formation in the evolution 
of dense stellar systems. In their scenario, formation of binaries through the dissipative 
two-body encounter dominates formation through three body encounters in the initial 
stage of cluster evolution. The maximum periastron separation of binaries formed by 
dissipation of gravitational radiation can be estimated as 
1'p,max = 
where v is initial relative velocity of the encounter. Those binaries are in the bandwidth 
of LIGO when they are formed. Binaries formed by two body encounters have typically 
large eccentricity e "' 1. The advanced detector system of LIGO will hav<> sensitivity 
to detect the merger of NS-NS binaries within 1 Gpc and BH-BH binaries within 5 Gpc 
[4). Then binaries in dense stellar systems may become possible sources of gravitational 
waves for LIGO/VIRGO. In such case, eccentricity will play an important role to obtain 
physical informations of the binary systems. 
7 Summary 
We performed the post-Newtonian expansion of gravitational waves from a test particle in 
slightly eccentric orbit around a Kerr black hole. The effect of the deviation from circular 
orbit was expressed by the eccentricity e and we treated e as a perturbation. We calculated 
the gravitational wave luminosity of both the energy and the angular momentum to order 
O(v5 ) and O(e2 ) . Our formulas agree with the formulas of the luminosity to the order 
O(v3 ) which were calculated so far by several authors. 
We examine the stability of circular orbit in the slow motion situation. We find that 
if eccentricity e is zero, defdt is also zero and this means that circular orbit remains 
circular under the influence of radiation reaction. We also find that circular orbit is 
stable against radiation reaction even if the central black hole is spinning. Above these 
results are consistent with the previous works. We also find that if q > 0 ( q < 0), the rate 
of decrease of eccentricity become small (large) compared to the case of q = 0 at 0( v3 ) 
and O(v5 ) and become always large at O(v4 ). 
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We have also estimated the accuracy of the post-Newtonian expansion to predict 
the total cycle of coalescing binaries. We found that if the initial eccentricity, at which 
binaries can be observed with laser interferometers, is greater than 0.2 and 0.4, the effect 
of the eccentricity become important at order O(v4 ) and O(v5 ) respectively. There are 
possibilities that compact binaries with high eccentricity was formed in the dense stellar 
systems and they may be detected with laser interferometers. Although our results are 
restricted to case of the large mass ratio and small eccentricity, they will be useful to 
analyze gravitational waves from such binaries. 
On the other hand, gravitational waves from compact stars orbiting around a super-
massive black hole in a galactic center will become a possible sources for a proposed laser 
interferometric detector in space, LISA. Since our formulas give the correct value for such 
waves, they will give a useful guideline to investigate those cases. 
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A The formulae of F and U 
In this Appendix we show the potential functions F and U of the SN equation (2.13). 
Details of the derivation are given in Ref. [25]. 
The function F(r) is given by 
where 
with 
F(r)- 1J,r 6 
- 7J r2 + a2' 
eo = -12iwM + .A(.A + 2)- 12aw(aw- m), 
c1 = 8ia[3aw- .A(aw- m)], 
c2 = -24iaM(aw- m)+ 12a2 [1- 2(aw- m?J, 
c3 = 24ia3 (aw- m)- 24Ma2, 
c4 = 12a4 • 







G _ 2(r- M) + r6 
r2 + a2 (r2 + a2)2' 
Ut - V+ ~2 [ ( 2a + ~) ,r - 1J~r (a+ ~)), 
.K/3 . 66 
a -t 62 + 3tK,r +.A+ r2 , 
{3 - 26 ( -iK + r - M - 2~). (A.5) 
B Functions of the source term 
In this Appendix we show the A's in Eq.(3.19). 
= -2 C - 2--t£+{ - 4£+( 3S)} y127r62 nnP P 1 P 2 P 1 
A;nno 2 - 3 [ ( + ) ( i ]( -) Vi6 CmnP L2S ~+p+p 
-a sin OS~ (p-p)), 
A;n;no 1 3 [ ( ]( ) 1<
2 
. ]( ] 
- y121rP- pCmmS -i 6 ,r- 62 + 2tp ~ , 
Amnt ).6.p- 3C;nn[Lt S + ia sin O(p- p)S], 
A;n;nt 2 3 (•]( ) - V'f;p- pCmmS t 6 + p , 
1 - 3-
- y121rP pC;n;nS, 
where S denotes -2S;:;;. 
-
C Ze,m,n 
In this appendix, the explicit fo rms of Zl,m,n which are used in this paper are shown . 
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..jii;Za,o,t = 2v/f55 e v - -3-
2 
1 /131072 ( 6 6 2 6) ro -
.j2;Z4,4,o = - V - 1 e V 9 7 
2 
-15625 e v6 ro -
-Z 
-
.)2; 4,4,1 9 v'224 




-2512 ( 62 v6 _ 248 e2 v6) ro -
.j2;Z4,2,o - 31 63 63 
2 
- ( e v6) ro -
.)2; Z4,2,-t = 63/2 
7'2 e v6 0 -j2;Z,I,O,I = 84 J5 
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